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We p r e s e n t  a difference scheme,  based on the method of spat ia l  cha rac t e r i s t i c s ,  for  solving 
axia l ly  s y m m e t r i c  dynamical  p rob l ems  of the theory  of e las t ic i ty .  Considerat ion is  given 
to the poss ib i l i ty  of solving a Cauchy p rob lem and a p rob lem for  a solid or  a hollow cyl in-  
der  which takes  boundary conditions into account. I t  i s  suggested that  l inear  p rob l ems  may  
be solved by this method. An example  is  given in which the p a r a m e t e r s  cha rac te r i z ing  the 
s t r e s s - d e f o r m a t i o n  s tate  of a semiinf ini te  cyl inder  a r e  calculated,  the points of the end of 
the cyl inder  being given an init ial  axial velocity.  The calculat ion of these  p a r a m e t e r s  was 
c a r r i e d  out on the B]~SM-6 computer .  

In [1] a f in i te -d i f fe rence  method was used to t r e a t  the initial  s tage of the impac t  involving the axial ly  
s y m m e t r i c  e las t ic  coll is ion of two c i r c u l a r  p la tes  made of the same  ma te r i a l .  The set  of dynamical  equa-  
t ions,  wri t ten in t e r m s  of d i sp lacements ,  was in tegra ted  up to the t ime  instant  at which the distance t r a y -  
el led by the longitudinal wave is  l e s s  than a tenth of the plate  d iamete r .  

An analyt ical  t r e a t m e n t  was given in [2] of the p rob lem involving the coll is ion of two elas t ic  cyl in-  
ders  in which Laplace  in tegral  t r a n s f o r m s  in the t ime  and Four i e r  t r a n s f o r m s  in the space  coordinate  
were  used. Invers ion  of the resu l t ing  t r a n s f o r m s  was accompl i shed  for  la rge  values  of the t r a n s f o r m  pa -  
r a m e t e r s ,  which co r r e sponds  to the construct ion of an asymptot ic  solution valid for smal l  t ime  in te rva ls  
following the ins tant  of impact .  No numer ica l  ana lys is  of the resuI t s  obtained was given. 

D. S. But ler  p re sen ted  in [3] a numer i ca l  scheme for  solving a hyperbol ic  sy s t em of equations de-  
pending on three  va r i ab les .  

A dif ference scheme  applicable to the p lanar  two-dimensional  p rob lem of the dynamic theory  o f e l a s -  
t ici ty,  based on the method of spat ia l  c h a r a c t e r i s t i c s ,  was p resen ted  in [4] to solve a Cauchy prob lem.  

Fig. 1 

The dynamics  of e las toplas t ic  waves  for  a 
sec tor ia l  ring was p re sen ted  by the author in [5] 
using a finite di f ference method.  Distr ibut ions 
were  given for  the radiaI  and c i r cumfe ren t i a l  c o m -  
ponents of the s t r e s s .  

In [6] the method of spat iaI  c h a r a c t e r i s t i c s  
was used to study tile p lanar  two-dimens ional  
p rob lem concerning propagat ion and diffraction of 
e las t ic  waves  in a ha l f s t r ip  of finite width. Cal-  
culations of the k inemat ic  and dynamic c h a r a c t e r -  
i s t ics  of the e las t ic  field were  p re sen ted  in g raph-  
ical  form.  
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We p r e s e n t  below a g e n e r a l  s c h e m e  for  the spa t i a l  c h a r a c t e r i s t i c s  me thod  app l icab le  to ax ia l ly  s y m -  
m e t r i c  p r o b l e m s  of the dynamic  l i n e a r  t h e o r y  of e l a s t i c i t y .  

1. Method of Solution.  In an r ,  z, 0 s y s t e m  of c y l i n d r i c a l  c oo r d i na t e s  the equa t ions  of mot ion  for  the 
spa t i a l  ax i a l l y  s y m m e t r i c  ca se  m a y  be wr i t t en ,  in  the usua l  nota t ion,  as  follows: 

O~rr O~rz ~rr - -  60| 02Ur 
Or " -[- ---O-'~-z -{ ~ - -  P ~ -  

O'~rz O~zz -7- ~:rz c3~Uz 
o--7- + ~ -  r = p O:  (1.1) 

To the Eqs .  (1.1) t h e r e  m u s t  be ad jo ined  the Hookers Law r e l a t i o n s  

Ou r Ou z 
Zr~ = LO + 2~ - ~ - ,  z~ = ~,0 + 2~--57 (1.2) 

0 = --57- + - 7 -  + - -g i -  ' zoo = ~0  + ~rz = ~ ~ - ~  N Z :  

in  which u r  (r ,  z, t) and  Uz (r ,  z, t) denote,  r e s p e c t i v e l y ,  the r and z componen t s  of the e l a s t i c  d i s p l a c e m e n t  
v e c t o r  and  X and/.* a r e  the Lain@ p a r a m e t e r s .  

We now t r a n s f o r m  the se t  of Eqs.  (1.1) and (1.2) so tha t  the func t ions  a p p e a r i n g  in  the t r a n s f o r m e d  
s y s t e m  wi l l  have  a d i r e c t  phys i ca l  m e a n i n g .  We a c c o m p l i s h  th i s  by d i f f e r en t i a t i ng  Hooke ' s  Law with r e -  
spect  to the t i m e  a f t e r  adding and s u b t r a c t i n g  e x p r e s s i o n s  for  the s t r e s s e s  ~ r r  and  Crzz. 

P r o c e e d i n g  in  th is  way and then i n t r o d u c i n g  i nde pe nde n t  v a r i a b l e s  and  func t ions  th rough  the r e l a t i o n s  

r o 'r zO z t ~ at 6rr -}- ~zz 
= "K' = ~ '  = "-'K" ' P = 2pa'-' 

e ; r r  - -  5zz ~ ~ = vrr zoo u o (r o, t o) : a_ 1 Our 
q = 2pa' " ~  ' ~ = - ~ '  z~ 0--]- 

v~  (r~  z~  t~ = a-X -0-/-  ' a = , b = -~- (1.3) 
�9 a 

~ =  - 5 - >  l 

we r e w r i t e  Eqs .  (1.1) and  (1.2) in  the fol lowing equ iva len t  f o r m  (the lower  s u b s c r i p t  denotes  p a r t i a l  d i f -  
f e r en t i a t i on ) :  

u t  - -  P r  - -  qr  - -  ~z = (P  + q - -  z ) / r  
,g 

v t  - -  Pz  + qz - -  ~ = -r- 

T ~ (T 2 - -  t)-x Pt --  ur - -  v~ = (T~ --  2) (T ~ - -  l ) - l u / r  
T2qt -- ur + Vz = 0 (1.4) 

T ~ (T 2 -- t)-1Zt - -  U r - -  V: = T 2 (T ~ -- 2 ) - l u / r  

T ~ T t - - U  z - v  r = 0  

We thus  obta in  a s y s t e m  of six f i r s t  o r d e r  equa t ions ,  with v a r i a b l e  coef f ic ien t s ,  in the six unknown 
func t ions  u, v, p, q, a, and  ~-; h e r e  and in what  fol lows the degree  s ign s u p e r s c r i p t  on the independen t  and 
dependent  v a r i a b l e s  wi l l  be omi t t ed  for  s imp l i c i t y .  The s y s t e m  (1.4) depends  on one m a t e r i a l  p a r a m e t e r  % 

We make  the fol lowing t r a n s f o r m a t i o n  in o r d e r  that  the s y s t e m  (1.4) t akes  on a s y m m e t r i c  fo rm.  We 
r ep l ace  the fifth equat ion  by the d i f f e rence  be tween the fifth and t h i r d  equa t ions .  F r o m  the l a t t e r  we de-  
t e r m i n e  u / r  and  subs t i t u t e  i t  in to  the t h i rd  equat ion.  The m a t r i x  of the r e s u l t i n g  s y s t e m  i s  s y m m e t r i c  

with r e s p e c t  to t ,  r ,  z: 

u ~ - - p r - -  q r - - ~  = : l ( p  + q__~) 

ut - -  Pz  q -  qz  - -  % ~ r-iT 
T ~ (3i "~ -- 4) -1 p~ + y ~ (2 -- T 2) (3~ "~ - -  4) -1 s t  - -  ur  - -  Vz = 0 

~'2qt --  ur + v~ = 0 (1.5) 
T ~ (2 - -  T ~) (3T ~ - -  4) -1Pt + T ~ (1" ~ - -  t) (3i, ~ - -  4) -1 z~ = rT~u 

T ~ T t - - U z - - Y r  ~ 0  

The su r f ace  r (r,  z,  t) = cons t  wi l l  be a c h a r a c t e r i s t i c  su r f a c e  of the s y s t e m  (1.5) i f  i t  s a t i s f i e s  the 
fol lowing d i f f e ren t i a l  equa t ion :  

[q)t ~ - -  q)r ~ --  Oz e] [(Dr ~ - -  (q)r 2 + q)z 2) T-~I(Dt~T ~ (T ~ - -  2) -t = 0 (1.6) 
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Equa t ion  (1.6) y i e lds  two f a m i l i e s  of c i r c u l a r  cones ,  the t a n g e n t s  of whose ha l f  ang le s ,  f o r m e d  with 
the t ax is ,  a r e ,  r e s p e c t i v e l y ,  1 and 1/y.  The equa t ion  @t = 0 y ie lds  the cone axes  [4]. The g e o m e t r y  of the 
cones  i s  shown in  Fig.  l a .  

Fo l lowing  s t a n d a r d  p r o c e d u r e  we obta in  two r e l a t i o n s  for  the e x t e r n a l  and i n t e r n a l  cones ,  r e s p e c t i v e l y :  

cos ~ du + sin ~dv + dp + cos 2~dq + sin 2~d~ = - - S  1 (a) dt 
- -  sin ~ d~ -{- cos ~dv - -  7 sin 2~dq + Y cos 2~d~ = --$2 (~) dt (1.7) 
$1 (~) =- (2~ -s - -  1) sin s c~u, -t- (2 -1 - -  7 -2) sin 2 ~  -b (2 -i - -  y_2) 

• sin 2~vr -t- (27 -2 --  i) cos s avz - -  2 sin s a cos c~ qr -t- 2 COS s C~ sin ~qz 

-{- sin ~ cos 2UT~ --  COS cr COS 2aT z --  cos a (p ~- q --  ~) r -I - -  sin c~x r -~ - -  ( i - -27  -s) ur -~ (1.8) 

Ss (a) = 2-I~ -I sin 2~ur - -  ~/-~ cos 2 r uz -t- 7 -1 sin s avr - -  2-~7 -1 
• sin 2av~ -b sin apt  - -  cos ap~ -- cos 2~ sin ~qr -t- cos 2~ cos a qz 

- - 2  sin s ~ cos a~r -t- 2 cos 2 ~ sin a T z + sin a (p -t- q - -  a) r -I - -  cos a~r- 

In the Eqs.  (1.6) and (1.8) ~ (0-< a-< 2w) denotes  an a r b i t r a r y  p a r a m e t e r .  

We show now how i t  i s  p o s s i b l e  to so lve  a Cauchy p r o b l e m  fo r  the s y s t e m  (1.5), i . e . ,  how i t  i s  p o s -  
s ib le  to d e t e r m i n e  a l l  s ix func t ions  a t  the point  O, knowing them at  an a r b i t r a r y  point  of the p lane  t = 0 (the 
p l ane  of va lues  of the i n i t i a l  data).  We i n t e g r a t e  Eqs.  (1.7) and  (1.8) a long an a r b i t r a r y  g e n e r a t o r  (a b i -  
c h a r a c t e r i s t i c )  of each cone f r o m  the point  O to i t s  i n t e r s e c t i o n  with the r z - p l a n e  (the pos i t ion  of the gen -  
e r a t o r  on the c i r c u l a r  cones  i s  f ixed by a s s i g n i n g  the p a r a m e t e r  ~, fo r  example ,  ~ = a t )  

8~ cos al -t- 5v sin a i -t- 5/o -t- 5q cos 2al + 5~ sin 2ai = _i[~ k IS 1 (a0i -t- S1 (a0o] - -  Wi (a0 + O (k a} (1.9) 

- -Su sin ai + 5v cos al --  8q y sin 2ai + 5~y cos 2a~ = - - i4k  [S~ (a~)~ +S~ (a0o] --  W~ (a~) + O (U) (1.10) 

where  for  b rev i ty  we have i n t r o d u c e d  the no ta t ion  

W l ( a 0  = ( M - -  u 0 c o s a ~ +  ( v ' - -  v 0 s i n a i +  ( p ' - - p 0  + ( q ' - - q 0 c o s 2 a i +  ( ~ ' - - x ~ ) s i n 2 ~ i  

W~ (~i) = --  (u' --  u~) sin cr + (v' - -  v 0 cos a~ - -  y (q' - -  q0 sin 2eel+ (~' - -  ~) y cos 2a~. 

In Eqs .  (1.9) and (1.10) k denotes  the t i m e  s tep k = A t =  OO'; the s u b s c r i p t  i m e a n s  that  the c o r r e -  
sponding funct ion i s  c a l c u l a t e d  at the po in t  where  the b i c h a r a e t e r i s t i c  ~ = a i  of the i n t e r n a l  and ex t e rna l  
cone i n t e r s e c t s  the p lane  of the i n i t i a l  data ,  t=  0; the s u b s c r i p t  0 i den t i f i e s  the va lue  of the funct ion  at the 
po in t  O, the  p r i m e  m e a n s  that  the funct ion i s  ca l cu l a t ed  at  the po in t  O ~, 6u i s  the i n c r e m e n t  u0-u '  , e tc .  

We i n t e g r a t e  the i n i t i a l  se t  of Eqs .  (1.5) a long a cone ax is .  We then obtain,  us ing ,  for  example ,  the 
f i r s t  equat ion,  

~u = ~/sk [(p~ + q~ + ~ + r-~ (p + ~ - -  ~))o + (p, + q~ + ~ + ~-~ (p + q - ~))'] + 0 (~) (1 . i l )  

and five s i m i l a r  equa t ions .  

In  Eqs .  (1.9) and  (1.10), for  the sake of conven ience ,  we take  the v a l u e s  of ~i  equal  to 0, ~ /2 ,  v, and 
3~/2 ,  t h e r e b y  f ix ing four  b i c h a r a c t e r i s t i c s  on the i n t e r n a l  and  e x t e r n a l  cones .  As a r e s u l t ,  we obtain a se t  
of eight  l i n e a r  a l g e b r a i c  equa t ions ,  which when s u p p l e m e n t e d  b y s i x  r e l a t i o n s  of the type (1.11) y ie lds  a 
se t  of four teen  equa t ions .  We m u s t  e l i m i n a t e  f rom this  s y s t e m  the d e r i v a t i v e s  of the s ix funct ions  at  the 
po in t  O at which they a r e  unknown.  
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A d i f f e r e n c e  s c h e m e ,  s u i t a b l e  fo r  u s e  on an e l e c t r o n i c  d ig i t a l  c o m p u t e r ,  can  be ob t a ined  in the  fo l -  
lowing way.  We denote  the  r e l a t i o n s  ob t a ined  fo r  the  e x t e r n a l  cone  by u s i n g  Eq. (1.9) on the  fou r  b i c h a r -  
a e t e r i s t i c s  ~ i  = 0, 7c/2, ~, 3 v / 2  by the  d i g i t s  1, 2, 3, and  4, r e s p e c t i v e l y .  The  r e l a t i o n s  o b t a i n e d  fo r  the  i n -  
t e r n a l  cone  u s i n g  Eq.  (1.10) wi th  t h e s e  s a m e  ~ i  v a l u e s  wi l l  be deno ted  by the  d ig i t s  5, 6, 7, and  8, r e s p e c -  
t i v e l y .  S u b t r a c t i n g  r e l a t i o n  6 f r o m  r e l a t i o n  8, we ob ta in  

2~l$: _l/2]fS2(~)i-- W2(3.~ ) ~-l/2]$82(~)i + 2 ( - ~ )  - ~ l / 2 k [ 2 ( P r - ~ q r  ~ - r - l ( p - ~ q  6) ) ]0  ( 1 . 1 2 )  

By s u b t r a c t i n g  r e l a t i o n  (3) f r o m  r e l a t i o n  (1) we ob ta in  

k k (2 [Tz + r -~ (1.13) k S I ( O ) ~ - - W I ( O ) + ~ - S x ( g ) + W ~ ( g )  + y  ( P + q - - z ) ] } o  26u : - -  y 

F r o m  the  r e l a t i o n s  (1.12) and  (1.13) we obta in  the  d e r i v a t i v e s  1/2k (Pr  + q r )o  and 1/2k (~-z)O a t  the  po in t  
O, which  m a k e s  i t  p o s s i b l e  to  e l i m i n a t e  t h e m  f r o m  the  r i g h t  s ide  of Eq. (1.11). S i m i l a r l y  we can  e l i m i n a t e  
the  d e r i v a t i v e s  in the  o t h e r  f ive  equa t ions  of the  type  (1.11), ob ta in ing  t h e r e b y  a s e t  of  d i f f e r e n c e  equa t ions  
fo r  d e t e r m i n i n g  the  s ix  unknown func t ions  u, v, p, q, ~, and  �9 a t  the  po in t  O 

k T r  k al  - -  aa bs - -  ba 11~ k (Pr -{- qr + Vz)'  8U - -  -~- 5p + ~a - -  ~ 8q = 2 2 

~V __.~_r 5~ : ~ _ a s - - a ,  ba--2 bs 1/~ k ( p z - q z  ~-  ~r)' 

7 ~ (7  ~ - -  i )  - 1 5 p  - -  (72 - -  2)  (72 - -  i )  -~  ~ - r  ~ u  = a, -6 as 2 § a3 -6 a,  __ (T~ __ 2 )  ~'-e k (u~ + v~) '  + (T ~ - -  2)  (T 2 - -  l )  -~ ~'-~ r k--  u '~ ( 1 . 1 4 )  

y'~6q a l  - -  a s  - 6  a~ - -  a4  k = 2 ~ (~2 _ 2) ~.-2 T (u~ - -  vD' 
k ~2 (~'2 - -  l )  (3] "2 - -  4) -1 ~(~ "~- ].2 (2 - -  y ~) (3~ "2 - -  4) -15p - -  ~-r 6u = k r -~u  ' 

TST = bl -- b= -6 ba -- b, __ 1/~kT_ 1 (u z + vr ), 
2 

w h e r e  

ai : - -  1 /2kS 1 (aOi - -  W 1 (ai) , bi = - -  1/2]fS2 (~i)i  - -  W2 (~i) 
a ~ =  ( i - -  l ) g / 2 ,  i = i , 2 , 3 , 4  

The s e t  of  s ix  equa t ions  (1.14) e n a b l e s  us  to  e x p r e s s  the  s ix  func t ions  a t  the  po in t  O in t e r m s  of  the  
i n i t i a l  v a l u e s  of  t h e s e  func t ions  and  t h e i r  d e r i v a t i v e s ,  g iven at  the  po in t  O '  of the  i n i t i a l  da ta  p l a n e  and a t  
e igh t  n e i g h b o r i n g  po in t s  of t h i s  p l ane .  By d i s p l a c i n g  the  po in t  O r in  the  p l a n e  t =  0 i t  i s  p o s s i b l e  to ob ta in  
the  v a l u e s  of the  func t ions  in a p l a n e  p a r a l l e l  to  the  p l a n e  t = 0 and f o r m e d  by the  v e r t i c e s  of  t he  c i r c u l a r  
c h a r a c t e r i s t i c s  of the  c o n e s .  Th i s  p l ane  i s  a t  a d i s t a n c e  of  k = A t  f r o m  the  i n i t i a l  da t a  p l a n e .  P r o c e e d i n g  
f u r t h e r  in  a s i m i l a r  way  and  c h o o s i n g  At ,  A r ,  and Az s u f f i c i e n t l y  s m a l l ,  we can  ob ta in  a l l  s ix  func t ions  i n -  
vo lved  in an a x i a l l y  s y m m e t r i c  p r o b l e m  of  the  l i n e a r  d y n a m i c  t h e o r y  of e l a s t i c i t y  fo r  a l l  r ,  z,  and  t.  

In conc lud ing  t h i s  s e c t i o n  we r e m a r k  tha t  the  s y s t e m  (1.14) r e d u c e s  to  a c oup l e d  s y s t e m  in  f ive  i n -  
c r e m e n t s  f o r  the  func t ions  u, p, v,  q, and  ~-, which d i f f e r s  f r o m  the  c a s e  of  a t w o - d i m e n s i o n a l  p r o b l e m  by 
t e r m s  of o r d e r  k / r .  The  i n c r e m e n t  fo r  ~ i s  a l i n e a r  c o m b i n a t i o n  of  the  i n c r e m e n t s  fo r  p and  u. 

2. I m p a c t  on the  End face  of a S e m i i n f i n i t e  CyLinder .  We a s s u m e  tha t  a s e m i i n f i n i t e  c i r c u l a r  e l a s t i c  
c y l i n d e r  of  r a d i u s  h ( c o m p o s e d  of  a h o m o g e n e o u s  and  i s o t r o p i c  m a t e r i a l )  i s  s u b j e c t e d  a t  t i m e  t = 0 a t  po in t s  
of  i t s  end face  to  a known ac t i on  (F ig .  l b ) .  The  p r o b l e m  to be i n v e s t i g a t e d  i s  tha t  of d e t e r m i n i n g  the  p a -  
r a m e t e r s  of the  s t r e s s - d e f o r m a t i o n  s t a t e  in the  domain  0 -< r - h ,  z _ 0 f o r  t >  0, a s s u m i n g  tha t  the  s p e e d  of  
the  long i tud ina l  wave  i s  equa l  to  a ,  the  s p e e d  of  the  t r a n s v e r s e  wave  i s  equa l  to  b, and  the  m a t e r i a l  d e n s i t y  
i s  p. 
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In dimensionless  form the boundary-value problem reduces to integrating over  the domain 0 - r --- 1, 
0-<z< % t>0  the sys tem of Eqs. (1.5) for the zero  initial data 

u = v = p = q = z = ' ~ = u t = v t = p t = q t = z ~ = * t = O  for t~<0 (2.1) 

and the following boundary conditions: 

p §  Z = 0  for r = t ,  0 ~ < z <  er t > 0  (2.2) 
v=vo( t ) ,  u = 0  for z = 0 ,  0 ~ _ ~ r ~ t ,  t > 0  (2.3) 

Init ially the cyl inder  is  in an undistrubed state, i ts la t -  where v 0 (t) is an a rb i t r a r i ly  p resc r ibed  function. 
eral  surface is s t r e s s - f r ee ,  and the par t ic le  velocity vec tor  is p resc r ibed  at i ts end-face (other types of 
conditions can also be prescr ibed) .  We solve this problem numerical ly ,  the method used being essent ial ly  
that of Section 1. 

The sys tem (1.14) allows us to make calculations at an a rb i t r a ry  in ter ior  point of the cylinder.  At 
boundary points it cannot be used direct ly  since some of the b icharacter is t ics  pass  outside the domain in 
question and in te r sec t  the initial data plane t= 0 at points where the solution is not defined. At the endface 
z= 0, 0 -< r--- 1, the t e rms  a o  b4, appearing in Eqs. (1.14), may be determined in t e r m s  of points located to 
the left of the plane z=0 .  Eliminating a4b4 f rom Eqs. (1.14), we obtain a set of four equations in the six in-  
crements ;  however,  when these equations a re  supplemented by the boundary conditions (2.3), the result ing 
sys tem becomes a closed system,  solvable at an a rb i t r a ry  point of the endface, not an angular point. 

We integrated the initial set of equations with an accuracy  to O(k3). If the set of Eqs. (1.14) is wr i t -  
ten out in detail, it  is possible to obtain express ions  of the following types:  

f (r + ck, z) - -  J (r - ck, z) (2.4) 
] (r + c a ,  z) § ] (r - -  ck, z) - -  2] (r, z) 

k [/r (r, z § ck) - -  fr (r, z --  ck)] 
k [ L ( r ,  z + c k ) + / r ( r , z - & ) - - 2 f , ( r ,  z)l 

where c = 1 and 1/~ for  the internal and external cones, respectively.  Expansion of the funct ionf  in a Tay-  
l o r ' s  ser ies  in a neighborhood of the point (r, z) shows that the express ions  (2.4) differ, respect ively,  f rom 
the following quantities by t e rms  of order  O (k3): 

2ck# (r, z), (ck) 2 / ~  (r, z), 2ck~ G~ (r, z), 0 (2.5) 

The n e c e s s a r y  accuracy  will have been attained when tim difference approximation for the f i r s t  and 
second part ia l  der ivat ives  at the point (r, z) is of order  O (k 2) and O (k), respect ively.  For  in ter ior  points 
of the domain it  is  convenient to use central  differences; for boundary points, - fo rward  and backward dif- 
ference  approximations.  After the t ransformat ions  guaranteeing an accuracy  of order  O (k ~) have been 
made, it is convenient to rewri te  the sys tem (1.14) in the following form: 

k ~ k k 2 k 2 
~u - -  - 5 - @  + ~z - -  ~ - 6 q  = -~-(l - -  "r-2) vrz + -g-  (urr + y'~u~z) 

k ~ 
§ ( i -- 2 V ~ ) u ~ §  ( P + q - - z ' )  ' § 2 4 7 2 4 7  

-if- (1 - -  y-~) u ~  + --f- (v~ + V2ur'~) + -g7 (l  - -  2y -~) u~  + r + k (p~ - -  qz + vr) 

~-~ ( ~  - l)-~ @ "  ( ~  - 2) ( ~  1)-~ ~ r  ~u k~ - -  = - i f-  ( 2 ~ r ~ ' +  p , ~  + p~ ,  § q,~ - -  q ~ )  

t~  t u '  __ k ~ k 2 

k ~ k~ k 2 
YzScl = ~-- (Prr + qrr - -  Pzz + qzz) § k (u r - -  Vz) + ~;- (p~ § q~ - -  Zr) - -  -~- Tz 

y2 (~.2 _ 1) (3r ~ -- 4) -~ 6z § ~.2 (2 -- r ~) (3r: -- 4) -16p -- 2~8u = k_ u' 
l" 

k 2 k ~ 
T 28v = -~- (2P~z + "~rr + "Vz~) + k (u z + vr) § -gTr (% + Pz + qz - -  ~ )  

At an a r b i t r a r y  point of the endface z = 0, 0 < r < 1, not an angular point, calculations are  made using 
the sys tem of equations 

§ ,- , l  ~-  (~:  - -  1) -~ 8 p  - -  ~ -  8q 

+ "(8"c + 2 2 (3~4 -- 4) (3 "2 -- t)-lT-2u ' = -g- (t --  y-2) v~ 
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ks 
+ -U (u~ + 2y-~p~z + y-~%~) + k (p~ + q~ + ~J -~- ky -~ (v, + u,) 

k ~ k 
-}- ~ (i - -  2y -~) u~ + T -~ (v~ + p~ q- q~ - -  ~,) + -7" (P + q - -  z)' 

- - 2 )  - 1 ) - ,  + ( r  - @ - = 
k.Z 
-U (i - -  q'-~) U,~ 

k~ 
+ - T  (2%~ + Pr~ + q~ + Y-2Vr~) + k (p~ - -  qz + %) + k (~, + Vz) 

k S k s k , .  k 
+"~-r (P~ + q~ - -  o~ + "~,) + ~ r  (1 - -  2T -~) u~ + 7 ~ + 7  (~'~ - -  2) (y' - -  t ) - '  u'  

k 
3 "2 (7 ~ - -  1) -1 5p - -  (~.2 _ 2) (y2 _ i)-1 ~ 5u + ~'25q = k 2 (-rr~ + P~r + qr~) 

k k 
+ 7 -  (P~ + q~ + z~) + -7- (7~ - -  2) (7  ~ - -  i ) - ~ u  ' + 2ku ,  

k ~u + T s (2 - -  7 "2) (3~ "2 - -  4) -~ 5p + 7 ~ (l "~ 1) (37 ~ - -  4) -~ &~ k u'  
2r -- ~--- r 

In an analogous way we can obtain a solvable sys tem of equations for calculating conditions at points 

of the f ree  surface r = 1, 0 -  < z < ~. This sys tem can be obtained by eliminating the values a I and b I f rom 

the sys tem (1.14) and appending the boundary conditions for r=  1, z >0. 

For the angular point r= i, z =0 the system (1.14) may be solved by eliminating al, bl, a4, b4 (since 
the corresponding cones pass outside the domain in question) and adjoining the boundary conditions at the 
lateral surface r= 1 and on the endface z=0. 

We obtain, as a result, the set of two equations 

- -  ~ 5u  @ ,(2 (2 - -  T 2) (32 "2 - -  4)  - 1 5 p  ~- 2 "2 (2"~ - -  | )  (3T 2 - -  4)  -1 ~]~ k u '  
2r ----- r 

--~- 5q 
k s k~ 

k ~ 
+ ~ -  (l --  2~-') (u; --  u~) + k (p~ + q, + "~z) --  k (p, - -  q, + ~,) 

k 
+ k~( -~ (u~ + v~)- -k  ( u ~ + v ~ ) + - ~  (p + q - -  ~)' - -  7 -  (Y~ - -  2) ( ~  - -  1) -~ u' 

ks k s 
_ __kr ~' - -  ~2r (p~ -~- q~ - -  ~ - -  T- lP" - -  7-1q~ + ~- '~z)  - -  ~ (~z - -  7-1~r)  

tO which  m u s t  be a d j o i n e d  the  b o u n d a r y  cond i t ions  fo r  r = 1 and z = 0. As  a r e s u l t  we obta in  a s y s t e m  of s ix  
equa t ions  f o r  d e t e r m i n i n g  the  s ix  i n c r e m e n t s  a t  the  a n g u l a r  poin t .  

The  c a l c u l a t i o n a l  p r o c e d u r e  f o r  a ho l low c y l i n d e r  a l s o  r e q u i r e s  s e t t i ng  up the  equa t i ons  fo r  an angu-  
l a r  po in t  a t  a f r e e  i n t e r n a l  s u r f a c e ;  t h i s  i s  done in  a m a n n e r  a n a l o g o u s  to  t ha t  d e s c r i b e d  above .  The  s y s -  
tern  of equa t ions  in  th i s  c a s e  does  no t  con ta in  s i n g u l a r i t i e s  fo r  r - - - 0 .  

In  the  c a s e  of a s o l i d  c y l i n d e r ,  t he  Eqs .  (1.5) con ta in  t e r m s  with the  f a c t o r  l / r ;  h o w e v e r ,  when r =  0, 
the  n u m e r a t o r  in t h e s e  t e r m s  i s  a l s o  equa l  to z e r o  s i n c e  u and T a r e  odd func t ions  of  r and  s i n c e  ~ r r  =590 
f o r  p+  q - a ;  i . e . ,  t h e s e  t e r m s  have  an i n d e t e r m i n a c y  of  the  f o r m  0 /0 .  R e s o l u t i o n  of t h i s  i n d e t e r m i n a c y  by 
l ' I - Iop i t a l ' s  r u l e  y i e l d s  a l i m i t  of  z e r o ,  s i n c e  the  d e r i v a t i v e  wi th  r e s p e c t  to  r of  the  func t ions  p,  q, and  
v a n i s h e s  a s  r -~ 0; t h i s  l a t t e r  fo l l ows  f r o m  the  f ac t  t ha t  e ach  of  t h e s e  func t ions  i s  an even  funct ion of  r and  
has  a con t inuous  d e r i v a t i v e  wi th  r e s p e c t  to  r in a n e i g h b o r h o o d  of the  po in t  r =  0. 

F r o m  p h y s i c a l  c o n s i d e r a t i o n s  i t  fo l lows  tha t  on the  ax i s  r =  0 the  s y s t e m  of  equa t i ons  fo r  the  p l a n a r  
p r o b l e m  and the  s y s t e m  of  equa t ions  fo r  the  a x i a l l y  s y m m e t r i c  p r o b l e m  m u s t  g ive  the  s a m e  soIut ion .  One 
can  show tha t  the  l i m i t  of  the  func t ions  u r and  f r  a s  r - -  0 i s  a l s o  equa l  to  z e r o ;  by the  s a m e  token,  i t  m a y  
be a s s u m e d  tha t  t he  i n d e t e r m i n a c y  in  Eqs .  (1.5) i s  o f  a p u r e l y  m a t h e m a t i c a l  n a t u r e .  

We p r e s e n t  an e x a m p l e  of the  c a l c u l a t i o n s .  Us ing  the  m e t h o d  d e s c r i b e d  above ,  we i n t e g r a t e d  the  s e t  
of  Eqs .  (1.5), s u b j e c t  to  the  cond i t i ons  (2.1)-(2.3), fo r  the  fo l lowing  v a l u e s  of the  i n i t i a l  da ta :  

y = 1.87, Vo (t) = te -t for t ~ 0,. 
Ar = Az = 0.025, At = 0.0t25, A t / A r  ---- 0.5 

Some of  the  c a l c u l a t e d  r e s u l t s  a r e  d i s p l a y e d  g r a p h i c a l l y  in F i g s .  2 -5 .  V a r i a t i o n  of  the  p a r t i c l e  v e -  
l o c i t i e s  u ( so l id  c u r v e s )  and  v (dashed  c u r v e s )  wi th  the  t i m e  a t  the  four  f i x e d  p o i n t s  wi th  the  c o o r d i n a t e s  
( r = 0 . 1 ,  z = 0 . 1 ) ,  ( r = 0 . 9 ,  z = 0 . 1 ) ,  ( r = 0 . 1 ,  z = 0 . 5 ) ,  ( r = 0 . 9 ,  z = 0 . 5 )  i s  shown in F ig .  2 ( c u r v e s  1, 2, 3, 4, r e -  
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spectively).  The lower index denotes the coordinate r ,  the upper the coordinate z. The values of t h e t r a n s -  
v e r s e  veloci ty  u at the points 2 and 4 a re  of an o rde r  l a rg e r  than the analogous values at the points 1 and 
3; this may  be explained by the prox imi ty  of the la t te r  points to the axis where the motion is quas i -one-  
dimensional.  The t r a n s v e r s e  and longitudinal veloci t ies  at the point 4 are  of the same order .  

The s t r e s s e s  p (dashed curves) and e (solid curves) at these same points a re  shown in Fig. 3, where 
i t  is evident that  p and ~ at the points 1 and 3 a re  approximately  twice as la rge  as the s t r e s s e s  at the points 
2 and 4. Variat ion of the s t r e s s e s  q (dashed curves) and T (solid curves)  with t ime at the fixed points is  
shown in Fig. 4. The influence of the diffracting waves is  evident graphical ly  on the curve  for  1- at the point 
4, the influence of diffraction at the point 3 is insignificant owing to wave in te r fe rence .  

In Fig. 5 veloci ty  prof i les  a re  given for u (dashed curves) and v (solid curves)  for  (r, t) values given, 
respect ive ly ,  by (1.0, 1.0), (1.0, 2.0), (0.8, 1.0) and (0.8, 2.0) (curves 1, 2, 3, 4 on the figure).  

The values of the veloci t ies  at the c ro s s - s ec t i o n s  indicated a re  comparable  among themselves  and 
the na ture  of the i r  var ia t ion can be de termined  to a significant degree  by the boundary conditions at the 
endface with the phenomenon of diffraction taken into account. 

When the resu l t s  of these calculations a re  compared  with analogous resu l t s  for  the planar  problem 
(a half s t r ip  with ass igned veloci t ies  at i ts  end), a qualitative agreement  is  found to exis t  between the basic 
p a r a m e t e r s  of the s t r e s s -de fo rma t ion  s ta tes  for  the semiinfinite c i r cu la r  cyl inder  and the half  strip.  
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